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SUPPLEMENTARY NOTES
ABSTRACT
A method to estimate the shear wavespeed in an isotropic, thick, elastomeric plate is demonstrated in this report. A point force is applied to the plate and a scanning laser vibrometer is used to measure normal velocity on one surface. The temporal domain measurements are transformed into the frequency domain using a Fourier transform, then, the spatial domain measurements are transformed into the k x ,k y wavevector domain using two Fourier transforms. Once the data are in the wavevector-frequency domain, the propagation wavenumbers for specific Lamb waves can be estimated from the peaks within the k x ,k y spectra. Using the estimated values of the propagation wavenumbers, a Newton-Raphson gradient method is applied to the Raleigh-Lamb dispersion curve equations to obtain an estimate of the shear wavespeed, a quantity that is generally difficult to measure. A simulation and an experiment are included to illustrate the method, and the accuracy of the measurement process is discussed. 
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and the Rayleigh-Lamb equation for the propagation of antisymmetric waves is given by
where h is the thickness of the plate (m), k s is the shear wavenumber (rad m" ), kj is the dilatational wavenumber (rad m" 1 ), and k is the propagation wavenumber (rad m" 1 ). When equation (1) or (2) is satisfied, the propagation wavenumber k corresponds to a specific Lamb wave (sometimes also referred to as Rayleigh-Lamb wave) traveling in the plate. Note that equation (1) or (2) will be applicable to any specific wave in the plate, but not both. These two equations define the wavenumber-frequency dispersion curves and will be used with the identification of Lamb waves in the medium to estimate the shear wavespeed. The measurement or estimation of the propagation wavenumber of interest, k, is discussed in the next section. The relationship between shear wavenumber and shear wavespeed is K= -,
where co is the angular frequency (rad s" ) and c s is the shear wavespeed (ms" ). The relationship between dilatational wavenumber and dilatational wavespeed is
c d
where C d is the dilatational wavespeed (m s" ).
To better understand the functions f(k c /,k s ) and g(kj,k s ), it is informative to display them as surfaces with respect to dilatational and shear wavenumber and examine their characteristic behavior. Figure 1 is a plot of the function f(k^,k s ) versus shear and dilatational wavenumber using a propagation wavenumber of k = 68.9 rad m" displayed using a decibel scale. Figure 2 is a plot of the function g(kj,k s ) versus shear and dilatational wavenumber using a propagation wavenumber of k = 128.9 rad m ' displayed using a decibel scale. In both figures 1 and 2, the right plot is a plot of the function with respect to the dilatational wavenumber with the shear wavenumber fixed at 100 rad m ', and the bottom plot is a plot of the function with respect to the shear wavenumber with the dilatational wavenumber fixed at 16 rad m . The plate thickness h was 0.0254 m and the frequency &>was {2K) 4000 rad s" . Note that in both plots, the functions vary significantly with respect to the shear wavenumber and are essentially flat with respect to the dilatational wavenumber. This overarching feature reveals two pertinent dynamic characteristics, which guide the estimation process: (1) the shear wavenumber (and, hence, the shear wavespeed) can be accurately estimated due to the well-defined minimum values of the surface with respect to the shear wavenumber; and (2) the dilatational wavenumber will be poorly estimated using this method due to the poorly defined, slowly varying minimum values of the surface with respect to the dilatational wavenumber. The estimation of the shear wavenumber, within this region, is relatively invariant with respect to the dilatational wavenumber. 
Figure 1. Frequency Equation (1) for the Propagation of Symmetric Waves in an Elastic Plate Versus Shear and Dilatational Wavenumber
(The right plot is with the shear wavenumber fixed at 100 rad m"'; the bottom plot is with the dilatational wavenumber fixed at 16 rad m"'. For all plots, propagation wavenumber is 68.9 rad m" 1 and frequency is 4 kHz.) (The right plot is with the shear wavenumber fixed at 100 rad m" 1 ; the bottom plot is with the dilatational wavenumber fixed at 16 rad m*. For all plots, the propagation wavenumber is 128.9 rad m" 1 and the frequency is 4 kHz.)
The dilatational wavespeed is assumed to be a known value and a convenient method to measure this wavespeed is given in appendix A. In section 4, it will be analyzed how an error in the dilatational wavespeed measurement will affect the shear wavespeed measurement. Using the dilatational wavespeed measured using the method described in appendix A, the dilatational wavenumber is calculated using equation (4) . The propagation wavenumber is a known quantity that can be determined either from a simulation or via experiment (this is further discussed in sections 3 and 4). With both the dilatational wavenumber and the propagation wavenumber known, a Newton-Raphson method 14 can then be applied to equations (1) or (2) for the estimation of the shear wavenumber that generates a value of zero for the function
To eliminate the ambiguity of both positive and negative shear wavenumbers, the estimation process is applied to the square of the wavenumber, rather than the wavenumber itself. For equation (1) written as f(k d ,k s ) = 0, the Newton-Raphson method yields
where
For equation (2) written as g(k d ,k s ) = 0, the Newton-Raphson method yields
where y is the iteration number of the algorithm. After every iteration j, the new estimate of k s can be inserted back into equation (1) or (2) to test for convergence. This numerical process is applied to each specific Lamb wave at each measurement frequency and the result is an estimate of the square of the shear wavenumber. Finally, equation (3) is used to find the shear wavespeed.
Equations (1) - (8) illustrate that if the propagation wavenumber of any wave is known (or can be measured) with the dilatational wavespeed, the shear wavespeed can be estimated. That is, given k and kj, the Newton-Raphson technique can be employed to solve for k s . The process will be demonstrated with a numerical simulation and with experimental measurements.
NUMERICAL SIMULATION
The technique is first applied to a simulated data set created using a fully elastic threedimensional model of the plate. The model is formulated from Naviers' equations of motion in an isotropic solid. By modeling the response as a sum of a dilatational component and a shear component, the general form of the solutions to the displacement fields are determined. Once these are known, they are inserted into the stress equations on free surfaces of the plate. In the chosen Cartesian coordinate system, the orientation is such that the xv-plane lies in the major dimensions of the plate and the z-axis is normal to the plate. On one side of the plate (z = 0), the normal stress of the plate is set equal to the stress applied by a point forcing function and this corresponds to a mechanical shaker located at XQ and y Q . This equation is written as
The other two shear stress boundary conditions at z = 0 are set equal to zero, i.e.,
and a yz (x,y,0,t) = 0.
On the other side of the plate (z = h), all of the stress boundary conditions are zero, and these expressions are written as
and a vz (x,y,h,t) = 0.
•yz
This produces a linear system of six equations that can be written in matrix form and consist of a dynamics matrix, an unknown coefficient vector, and a load vector. From this, the solution to the unknown constants can be determined. Finally, inserting these unknown values back into the displacement fields yields a known solution to the displacement fields in all three directions.
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The simulation model corresponds to measurements of the normal velocity of the plate (at z-h) divided by the input force (at z = 0) (the mobility of the system.) in the k x ,k y wavevector domain is written as
where k x is wavenumber with respect to the x-axis rad m" 1 , k v is wavenumber with respect to the v-axis rad m 1 , i is v-1 , and
and P = ^k 
The constants X. through X b are wave propagation coefficients and are determined by solving the three-dimensional elastic plate equation of motion when excited by a point force.
This solution was previously developed and is presented in appendix B. It is noted here that geometrical shapes other than a plate will support different wave pattern responses. 15 Using equation (15), the mobility of the plate in the k x ,k v wavevector domain is simulated using a set of parameters that nominally corresponds to the experimental values in the next section.
These parameters are dilatational wavespeed of 1422(l-0.05i) ms ', shear wavespeed of 220(1 -0.05i) ms ', thickness of 0.0254 m, and density of 1100 kgm '. Note that the dilatational and shear wavespeeds are complex; this effect adds structural damping to the analysis that makes the simulation more realistic. Once the mobility fields are created (or later measured), they are searched so that the relative maximum of each Lamb wave propagating at a specific frequency is identified. From equation (B-35), a relative maxima for each specific wave in the k x ,k y wavevector domain can be modeled as a circle centered at k x = k y = 0. Hence, a circular function was fit to the data sets of the relative maxima points. For each specific Lamb wave and fixed frequency, the radius of the circle was determined by the mean value of the radius of all of the individual points, via an ordinary least-square estimator. The resulting radius of the circle is the measured wavenumber k for the specific Lamb wave identified. Once known, either equation (5) (for symmetric waves) or equation (7) (for antisymmetric waves) is used to estimate the square of the shear wavenumber k s . From this, the shear wavespeed can be computed.
The simulation was conducted from 1 -6 kHz in increments of 1 kHz. It is noted at this point that different authors use different terminology to identify individual Lamb waves in the wavevector-frequency (or wavenumber-frequency) plane. In this report, the work of Achenbach was used to define the names of each of the individual waves. produced an average value of 219.9 ms ', which varies slightly from the value of 220 ms ', and likely only due to discretization of the simulation in the wavevector domain. The initial estimate of the shear wavespeed is important for convergence of the algorithm. For the FE( 1) flexural wave in a plate, the cut-on frequency can be approximated with 
Figure 3. Locations in the Wavevector Plane for Simulation ofF(O), L(0) and FE(1) Waves for 5 kHz (FE(1) Wave (o), L(0) Wave (+), F(0) Wave (x), and Least-Square Fit Circles ( ))
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EXPERIMENT
An experiment was undertaken to verify the proposed technique to measure shear wavespeed in a plate. The estimation process uses the following assumption: (1) The return energy from the reflections at the edge of the plate is not interfering with the measurement process, and (2) the particle motion is linear. A plate was molded using Cytech Industries EN-6, a two-part urethane that consists of a mixture of a prepolymer and a curing agent. The plate was were collected, they were transformed into the frequency domain using a fast Fourier transform.
Next, it was zero padded and transformed into the k x ,k y wavevector domain using a twodimensional 512 by 512 point fast Fourier transform. Once this was accomplished, three Lamb waves were identified based on their relative maxima. Isotropic elastic plate theory predicts that every wave will be circular in the k x ,k y wavevector domain; thus, a circle was fit using an ordinary least-square estimate to the wavevector domain data. Measurements were made from 1 to 6 kHz in increments of 1 kHz. Figure 6 is a plot of the wave propagation locations in the k x ,k y wavevector domain at 5 kHz. The F(0) flexural wave data are denoted with an x, the L(0) longitudinal wave data are denoted with a +, the FE( 1) flexural wave is denoted with an o, and the circles fit to the markers are denoted with solid lines. For clarity, the markers have been decimated by 80%. Once the propagation wavenumbers are known, the shear wavespeed can be estimated using equation (1) for the symmetric L(0) longitudinal wave or equation (2) deviation, the average shear wavespeed was estimated to be 229.9 ms ', and for +1 standard deviation, the average shear wavespeed was estimated to be 213.0 ms '. These estimates are off by the original estimate of 220.7 ms ' by 4.4% and 3.3%, respectively, which generally indicates a stable estimation process. 
APPENDIX A MEASUREMENT OF DILATATIONAL WAVESPEED
The dilatational wavespeed was measured using an echo reduction test. An echo reduction test is accomplished by insonifying the plate and measuring the transfer function of the incident acoustic energy divided by the reflected acoustic energy. This previously developed estimation method 17 identifies the peaks in the data and relates each specific peak to a corresponding wavelength that is a half integer multiplication of the thickness of the plate. This method was shown to have an average difference of dilatational wavespeed of 1.6% when compared to an inverse method developed using the fully elastic response of the plate.
A-l When the response of the plate is at a wavenumber that corresponds to a Lamb wave, the propagation wavenumber equals the Lamb propagation wavenumber, i.e., K = k .
